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CONCERNING FIRST COUNTABLE SPACES. III
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G. M. REED

ABSTRACT. The primary purpose of this paper is (1) to provide a
“real” example of a regular first countable Tj-space which has no dense de-
velopable subspace-and (2) to provide a new technique for producing Moore
spaces which fail to have dense metrizable subspaces. Related results are es-
tablished which produce new examples of noncompletable Moore spaces and
which show that each regular hereditary M-space with a Gg-diagonal has a
dense metrizable subspace.

The existence of dense metrizable subspaces in a given space S has been
shown useful (1) to determine the equivalence of chain conditions and separability
([4], [14], and [16]), (2) to determine if S satisfies the Baire property ([1],
[18], and [24]), (3) to determine whether S is densely embeddable in a space of
the same type satisfying various completeness conditions ([1], [4], [16], and
[18]), and (4) to determine if there exists a space X the same type as S in which
each open set contains a copy of S [23]. The inspiration for this work has been
the considerable work done in [25], [4], [5], [11], [15], [16], [17], and
[18] concerning the existence of dense metrizable subspaces in Moore spaces,
i.e., regular developable spaces.

In [13] and [14], the author has investigated conditions under which first
countable spaces (all spaces are to be T,) have dense developable and dense
metrizable subspaces. Surprisingly, the major problem in this investigation has
been producing first countable spaces which fail to have such subspaces. The only
known examples of such spaces are all nonseparable spaces which satisfy the count-
able chain condition. In [14], it was shown that hereditarily Lindelof, nonsepar-
able spaces have no dense developable subspaces. In [4], it was shown that non-
separable Moore spaces with the countable chain condition have no dense metriz-
able subspaces. These are the only techniques presently known for producing the
required examples. Thus, other than the consistency of Souslin spaces, there is
no known example of a regular first countable space which has no dense develop-
able subspace. And there are very few known examples ([21], [22], and [10])
of Moore spaces which have no dense metrizable subspaces. It is the primary

Presented to the Society, January 16, 1974; received by the editors October 15, 1973
and, in revised form, July 15, 1974.
AMS (MOS) subject classifications (1970). Primary S4E30, 54B05; Secondary 54D20,

54E20. 169 .Copyrigh; © 1975, American Mathematical Society



170 G. M. REED

purpose of this paper to provide a “real” example of a regular first countable
space which has no dense developable subspace and to provide a new technique
for producing Moore spaces which fail to have dense metrizable subspaces.

In Theorem 1, the author shows that a regular (in fact, hereditarily para-
compact) first countable space due to Mis¢enko in [6] and Aull in [2] has no
dense developable subspace. In [19] and [20] the author has developed a tech-
nique which associates a Moore space to each regular first countable space. In
this paper it is shown that if a given regular first countable space has no dense
developable subspace, then the associated Moore space has no dense metrizable
subspace. Thus, by using Theorem 1, the author obtains a new example of a
Moore space which fails to have a dense metrizable subspace. Furthermore neither
the space of Theorem 1 nor its associated Moore space has the countable chain
condition. Related results are established which (1) produce new examples of
noncompletable Moore spaces and (2) provide a partial answer to a question
raised in [14] by showing that each regular hereditary M-space with a G-diagonal
has a dense metrizable subspace.

PRELIMINARIES. A development for a space S is a sequence G, G,, .
of open coverings of S such that for each p € S and each open set D containing
p, there exists an n such that each element of G, containing p is contained in D.
A regular developable space is a Moore space. A Moore space is complete pro-
vided it has a complete development, i.e., a development G,, G,, . . . such that
if My, M,, ... is a sequence of closed sets such that for each i, M; is contained
in an element of G; and contains M, , then NM; #&. A Moore space is com-
pletable provided it can be embedded in a complete Moore space. A space S is
screenable provided that for each open covering G of S there is an open covering
H = JZ H; of S which refines G such that, for each i, H, is a collection of
mutually exclusive open sets. In [3], it was shown that a Moore space is metriz-
able if and only if it is normal and screenable.

THEOREM 1. There exists a hereditarily paracompact T,-space X with a
point countable base which has no dense Moore subspace.

Proor. Define (X, T) as follows: Denote by A the set of all ordinal
numbers which precede the first uncountable ordinal. For each a € 4, let R(a)
denote the set of all ordinal numbers which precede a and let X, denote the set
of all mappings x of the set R(z) into N, the set of all natural numbers. Now,
let X = U{X,la € A}. For each a €4 and x € X, call a the length of x.
Furthermore, say that the element x of X, is an extension of the element y of
X, if b <a and for ¢ <b, y(c) = x(c). Finally, for eacha €4, x € X, and
n € N denote by u,(x) the set consisting of the point x and of all y € X such
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that y is an extension of x and y(a) = n. It follows that B = {u,(x)|x € X and
n € N} is a base for the topology T on X. To see this, note that if y # x and
¥ € u(x), then u,(y) C u,(x) for each n € N. Aull showed in [2] that X is a
hereditarily paracompact T,-space with a point countable base.

Now, suppose that there exists a dense subspace K of X such that K is a
Moore space. Note that (1) if x € X, then there exists y € K such that y is an
extension of x; and (2) if x € K and D is an open set in K containing x, then
there exists y € D such that y is an extension of x. Denote by G, G,,... a
development for K such that if g € G; for some i, then there exist x € X and
n € N such that g C u,(x). Observe that (3) if {x, ¥} C g € G; for some i and
y is an extension of x, then each z € K such that z is an extension of y is con-
tained in g Construct the sequences Xy, X5, ... and g(x;),g(x,), ... as follows:
Let x; €K and let g(x,) € G, such that x, € g(x,). Let x, € g(x,) such that
x, is an extension of x; and let g(x,) € G, such that x, € g(x,) and g(x,) C
&(x,). Continue this process such that for each i > 2, x; € g(x;_;), X; is an
extension of x;_;, Xx; € g(x;) € G;, and g(x;) C g(x;_,). Then, for each i, let
a; € A such that x; € X, and let a € 4 such that for each §, a; <a. Denote by
x an element of X, such that for each 7, x is an extension of x;. By (1) and (3)
above, there exists y € K such that y is an extension of x and y € g(x,) for each
i. Thus, for each i, {x; y} C g(x;) € G; but y is not a limit point of {x,, x,,

. }. This contradicts the assumption that K is a Moore space.

THEOREM 2. Suppose that X is a first countable space which is the union
of countably many subsets X; such that for each i, there exists a collection U,
of mutually exclusive open sets in X covering X; such that each element of U;
contains only one point of X;. Then X has a dense screenable, developable subspace.

Proor. Let K, =X, and foreachi>1,letK; =X, - (U;'_’llX) It
follows that K = {J;=,K; is dense in X. Consider K as a subspace of X and for
each i, let U} = {uNKlu€U;and u NK; #@}. Foreachi and each point
x € K;, denote by g,(x), g,(x), . . . a nonincreasing sequence of open sets in X
which forms a local base at x and is such that g,(x) is contained in the element
of U; which contains x. Finally, for each j and each i > 1,let K; = {x €K; lx
¢g(y)fory € lK }. By the construction of K, it follows that K=K, U
Uz, U= K- Furthermore K, and each K;; are discrete subsets of K. Hence
K is the union of countably many discrete subsets and by [13, Lemmas 1.2 and
1.4] is developable. That K is screenable follows immediately.

The following construction was developed by the author in [19] and [20].

CONSTRUCTION OF §,. Let X|, be a regular first countable T, -space. For

each x € X, denote by u,(x), u,(x), . . . a sequence of open sets in X, which
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forms a local base at x such that for each i, u;, ,(x) C u(x). Now for each posi-
tive integer m, let A,, = {(n,, n,,...,n)lny =land for 1<i<m, n;isa
positive integer}. Let 4 = U,,-,4,,. Foreacha= (n,, n,,...,n,)€EA,
denote by S, a unique copy of X,,. And for each x € X, denote by x, = (xp,,
Xnys - - + s Xn,,) the element of S, which is identified with x. Let S, = 'U{Sala
€ A} and define a development for S, as follows: For each positive integer j,
a=(ny,ny,...,n,)EA ad p = ny, Vngs -« - Vn,) €S, let

g®) = P}y {(x,,l, XpgreoesXn s Xk s Xpys o o - ,xkc)l

x € X,, c is a positive integer, for 1 <i<c, k; >, and

x €u 4;(y) in X,}.

It follows that G,, G,, . . . , where for each i, G; = {gi(p)lp €Sandj=>i},is
a development for the Moore space S,.

CLamvs. (1) If D is open in S, then D' = {x € X,Ix, € D for some a €
A} is open in X,. Furthermore, if D' is an open set in X, then D = {x, € S|
x €D’ and a € A} is open in S,.

(2) If K is dense in Sy, then K’ = {x € X,|x, € K for some a € A} is
denseé in X,.

(3) If K’ is dense in Xy, then K = {x, €§,Ix €K' and a € A} is dense
in §,.

(4) For each j and each a € 4, g{(x,) N g{(y,) =& in S, if and only if
Uy i(x) Nuy(y) =& in X,.

(5) If D' is an open set in X, and d is an open set in S such that dCD=
{x, €ESylx €D'and a € 4}, thend' = {x € X, lx, €d for some a € A} is open
inX,andd' CD'.

(6) Suppose a = (ny, ny, ..., n,)EA MCS,, and for some i, D; =
U{(0,)ly, € M}. Then D; = J;Z;D;, where for each j >4, D; =
{Gnys Xngs o o o s Xnyp Xicys Xgs -+ - 5 X)X € Xy, Ky =], cis a positive
integer and, for 1 <n<¢, k, =i, y, €Mand x €ug, +4)in X,}. Further-
more, each D; is open in So, Dj; = {x € X, |x, € D;; for some b € A} is open
in X, and if d" is an open set in X, such that d' C Dj; then d = {x, € D;}|
b€EA and x €d'} is open in Sy and d C Dy;.

In the following theorems, X, will denote a regular first countable space
and S, will denote the Moore space associated to X, by the above construction.
The terms u,(x), g:(x), and G; will be used as in the construction of S,,.

THEOREM 3. S, has a dense screenable subspace if and only if X, has a
dense screenable Moore subspace.
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PROOF. Suppose that S, has a dense screenable subspace. Then by [15,
Lemma 2.1 and the proof of Theorem 1.4] there exists a dense screenable sub-
space K of 'S such that K = U2 ,K;, where for each i, K; is discrete in S and
there exists a collection ¥; of mutually exclusive open sets in S covering K such
that each element of ¥; contains only one point of K;. For each i and each
a €4, let K(a) = K; N S, and denote by V(a) a collection of mutually exclusive
open sets in S, covering K,(a) such that each element of V(a) contains at most
one point of K (a). Now for each j, let K;(@) = {p € K@)l if p € g € G}, then
g is contained in the element of V(a) which contains p}. Thus K = (J{K;;(@)}.
Finally, for each K;{(a), consider X, @ = {x €X,lx, € K(a)}. It follows from
claim (4) that Hy(a) = {u,;(x)lx € X, ;(@} is a collection of mutually exclusive
open sets in X, covering X;,(a) such that each element of H,j(a) contains only
one point of X,-i(a). Hence X = U{X,-i(a)} satisfies the hypothesis of Theorem 2
and X has a dense screenable Moore subspace. Furthermore, since K is dense in
So» X is dense in X,. Thus, X, has a dense screenable Moore subspace.

Suppose that X, has a dense screenable Moore subspace. As above let X be
such a subspace such that X = {J;Z, X; where for each i, X is discrete in X and
H, is a collection of mutually exclusive open sets in X, covering X; such that each
eiement of H; contains only one element of X;. For each i and each j, let X;; =
{x € X;lu;(x) is contained in the element of H; which contains x}. Now for each
i, each j, and each a € 4, let K;(a) = {x, € Slx € X;;}. It follows that U@ =
{g;(®)Ip € K;{(@)} is a collection of mutually exclusive open sets in S, covering
Ki(a) such that each element of Uj;(a) contains only one point of K;{(a). Thus,
K= U{K,-j(a)} is a dense screenable subspace of S,.

THEOREM 4. If S, has a dense metrizable subspace, then X, has a dense
screenable Moore subspace.

Proor. Each metrizable space is screenable. Thus if S has a dense metriz-
able subspace, then by Theorem 3, X, has a dense screenable Moore subspace.

CoROLLARY 5. If X, is the space of Theorem 1, then the associated Moore
space S, has no dense metrizable subspace.

THEOREM 6. If X, has a dense metrizable subspace, then S, has a dense
metrizable subspace.

Proor. Let K =J;Z,K; denote a dense metrizable subspace of X, such
that for each i, K; is discrete in K. For eacha = (ny, ny,...,n,) €A, let
Sy = {(Xny» Xngs - + + » Xn,,) € Sylx €K}, 1t follows that §'={S,la€A}is
the required dense metrizable subspace of S,. To see this, consider K; for each
i Since K is metrizable, there exists a discrete collection H; of mutually exclusive
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open sets in K covering K; such that each element of H; contains only one point
of K. For each j, denote by K; the set of all x € K| such that u;(x) is contained
in the element of H; which contains x. Now, for each a = (ny, n,,...,n,) €
A consider Sy, /) = {(n > Xnys - « - s Xn,,) € S,lx € Ky} It follows that
VG, /) = {g(p) N S'Ip € S,(, )} is a discrete collection of mutually exclusive
open sets in S’ covering S, (i, j) such that each element of V,(i, j) contains only
one point of S,(i, /). Thus,S' = U{S,( Hli EN,jEN, a € A} and by [13,
Lemmas 1.3 and 1.4] is metrizable.

REMARK. Is it true that S, has a dense metrizable subspace if and only if
X, has a dense metrizable subspace? Or, more generally, must each screenable
Moore space have a dense metrizable subspace? An affirmative answer to the
latter question would generalize several results in [5], [11], and [15]. Recently,
Tall and Przymusifiski in [12] have very significantly shown that is consistent
with set theory for there to exist a normal subspace of a nonseparable Moore
space with the countable chain condition given in [10] which is also nonseparable
and has the countable chain condition. Also, W. G. Fleissner has announced that
it is consistent with set theory that each normal Moore space has a dense metriz-
able subspace. Thus, the proposition that each normal Moore space has a dense
metrizable subspace is now known to be independent of set theory.

wd-NORMALITY. In [15], the author defined a space S to be weakly densely
normal (wd-normal) provided that if D is an open set in S and H is a closed subset
of D, then there exists a sequence d,, d,, . . . of open sets in § such that H C
Ui d; and for each i, d; C D. A space S is said to be perfectly wd-normal
provided that for each open set D in S there exists a sequence d,, d,, ... of
open sets in § such that D C ({2 ,d; and for each i, d; C D. It is easily seen that
a wd-normal space in which closed sets are G-sets is perfectly wd-normal. Hence,
the two properties are equivalent in Moore spaces. In [15], each Moore space
with the countable chain condition was shown to be wd-normal.

Axiom C. A development G,, G,, ... for a Moore space S is said to
satisfy Axiom C at the point p of S provided that for each open set D in S con-
taining p there exists an n such that each element of G,, intersecting an element
of G, containing p is contained in D. It follows from [8] and [25], that if G
is a development for the Moore space S, then C(G), the set of all points in S at
which G satisfies Axiom C, is, if nonempty, a metrizable G;-subset of S. In [13],
the author generalized this concept by defining a subset M of the first countable
space S to be C-developable in S provided there exists a sequence G,, G,, ... of
open covers of S such that if p € M, then for each open set D in S containing p
there exists an n such that each element of G,, intersecting an element of G, con-
taining p is contained in D.
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THEOREM 7 ([15] AND [18]). In a Moore space S, the following are
equivalent:

(1) S has a development G such that C(G) is dense in S.

(2) S is wd-normal and has a dense screenable subspace.

(3) S can be densely embedded in a developable T,-space which has the
Baire property.

THEOREM 8 [13]. In a regular first countable space, the following are
equivalent:

(1) S has a dense subset which is C-developable in S.

(2) S is perfectly wd-normal and has a dense screenable Moore subspace.

THEOREM 9. S, is perfectly wd-normal if and only if X, is perfectly
wd-normal.

PROOF. Suppose X, is perfectly wd-normal. Let D be an open set in S,.
For eacha = (n,, ny, ..., n,,) €A and each i, let D(a) = U{g(x,)Ix, ED N
S, and g(x,) C D}. Foreachj>i let Dy = {(Xn, Xnys - « « 5 Xn,p0 Xiey» Xkips
. xkc)lx € Xy, ky =], c is a positive integer and for 1 <n<c¢, k, >4, y, €
DN S, and x € uy, +(¥) in X,}. For each i and j > i, consider Dj; = {x €
Xylx, € D;; for some b € A}. Since X, is wd-normal, there exists a sequence
"31'(1,)’_‘1&(2)’ o of open sets in X, such that Dj; C |J,=,d;;(m) and for each
m, d;(m) C D;. But by claim (6), for each m, d;j(m) = {x,, € D;|b € 4 and

x €d;(m)} is open in S and d;(m) C D;. It is easily seen from claim (3) that
D;; € Um=14;(m). Hence, since Da) = ;2 D;; and D = U, U;Z ,D,(a),
it follows that S, is perfectly wd-normal.

Suppose S, is perfectly wd-normal. Let D' be an open set in Xy LetD =
{x, €Sylx €D’ and a € A}. Denote by d;, d,, ... a sequence of open sets
in S, such that D C {J;Z,d; and for each i, d;, C D. But by claim (5) for each
i,d; = {x € X,ylx, € d; for some a € A} is open in S, and d] C D’. Furthermore
by claim (2), D' C U, d]. Hence, X, is perfectly wd-normal.

COROLLARY 10. S, has a dense subset which is C-developable in S if and
only if X, has a dense subset which is Cdevelopable in X,,.

CoroLLARY 11. If X, is not perfectly wd-normal, then S, is not complet-
able. In fact, S, cannot be densely embedded in a developable T,-space having
the Baire property.

ExaMpLES. There are very few known examples of noncompletable Moore
spaces. However, the above results make the production of such spaces much
easier. For example, it follows immediately that neither the Michael Line nor the
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space of countable ordinals with the order topology is perfectly wd-normal. Hence,
their associated Moore spaces are noncompletable.

M-spAces. In [14], the author showed that each regular M-space with a
G;-diagonal in which closed sets are G sets has a dense metrizable subset. The
following lemmas were the basis for that result.

Lemma 12 [9]. If X is a regular M-space and H is a discrete subset of X,
then there exists a collection U of mutually exclusive open sets in X covering H
such that each element of U contains only one point of H.

Lemma 13 [14]. If X is a regular M-space with a Gg-diagonal then there
exists a dense subset K of X such that K = \J;Z,K; where for each i, no point
of K; is a limit point of K;.

THEOREM 14. If X is a regular hereditary M-space with a Gs-diagonal then
X has a dense metrizable subspace.

Proor. Let K = |J;Z,K; be the dense subset of X from Lemma 13. For
each i, consider M = K — (K; — K;). Note that M is dense in K and K; is discrete
in M. Thus, since X is hereditarily an M-space, by Lemma 12, there exists a collec-
tion U’ of mutually exclusive open sets in M covering K; such that each element
of U’ contains only one point of ;. And since M is dense in X, there exists such
a collection U in X. Hence, by Theorem 2, X has a dense developable subspace
Z. But, Z is both a Moore space and an M-space, and is therefore metrizable.

REFERENCES

1. J. M. Aarts and D. J. Lutzer, Completeness properties designed for recognizing
Baire spaces Dissertationes Math. 16 (1974), 1—-48.

2. C. E. Aull, Topological spaces with a o-point finite base, Proc. Amer. Math. Soc. 29
(1971), 411-416. MR 43 #6873.

3. R. H. Bing, Metrization of topological spaces, Canad. J. Math. 3 (1951), 175-185.
MR 13, 264.

4. B. Fitzpatrick, Jr., On dense subspaces of Moore spaces, Proc. Amer. Math. Soc. 16
(1965), 1324—1328. MR 32 #1663.

5. , On dense subspaces of Moore spaces. 11, Fund. Math. 61 (1967), 91-92.
MR 36 #2119.

6. A. S. MisCenko, Spaces with point-countable base, Dokl. Akad. Nauk SSSR 144
(1962), 985—-988 = Soviet Math. Dolk. 3 (1962), 855—858. MR 25 #1537.

7. R. L. Moore, Foundations of point set theory, rev. ed., Amer. Math. Soc. Colloq.
Publ., vol. 13, Amer. Math. Soc., Providense, R. 1., 1962. MR 27 #709.

8. . A set of axioms for plane analysis situs, Fund. Math. 25 (1935), 13-28.

9. K. Morita, Some properties of M-spaces, Proc. Japan Acad. 43 (1967), 869—-872.
MR 37 #3517.

10. C. Pixley and P. Roy, Uncompletable Moore spaces, Proc. Auburn Topology Conf.
(Auburn, Alabama), 1969, pp. 75-8S.

11. C. W. Proctor, Metrizable subsets of Moore spaces, Fund. Math. 66 (1969/70),
85—-93. MR 40 #6499.

12. T. Przymusinski and F. D. Tall, The undecidability of the existence of a non-




FIRST COUNTABLE SPACES. III 177

separable Moore space satisfying the countable chain condition, Fund. Math. (to appear).
13. G. M. Reed, Concerning first countable spaces, Fund. Math. 74 (1972), no. 3,
161—-169. MR 47 #7703.

14. , Concerning first countable spaces. 11, Duke Math. J. 40 (1973), 677—682.
MR 47 #7704.

15. , Concerning normality, metrizability and the Souslin property in subspaces
of Moore spaces, General Topology and Appl. 1 (1971), no. 3, 223—-246. MR 44 #7514.

16. , Concerning completable Moore spaces, Proc. Amer. Math. Soc. 36 (1972),
591-596. MR 46 #818S.

17. , On scr bility and metrizability of Moore spaces, Canad. J. Math. 23
(1971), 1087—1092. MR 45 #1114,

18. , On completeness conditions and the Baire property in Moore spaces,

TOPO 72, Proc. Pittsburgh Internat. Conf. on General Topology, Springer-Verlag, Berlin and
New York, 1974, pp. 368—384.

19. , On chain conditions in Moore spaces, General Topology and Appl. 4
(1974), 255—-267.

20. , On continuous images of Moore spaces, Canad. J. Math. 26 (1974),
1475-1479.

21. M. E. (Estill) Rudin, Concerning abstract spaces, Duke Math. J. 17 (1950),
317-327. MR 13, 148.

22, , Separation in non-separable spaces, Duke Math. J. 18 (1951), 623-629.
MR 13, 148.

23. K. R. Van Doren, Inverse limits and closed mappings (to appear).

24, , Closed, continuous images of complete metric spaces (to appear).

25. J. N. Younglove, Concerning dense metric subspaces of certain non-metric spaces,
Fund. Math. 48 (1959), 15—-25. MR 22 #1878.

DEPARTMENT OF MATHEMATICS, OHIO UNIVERSITY, ATHENS, OHIO 45701



